A class of Bianchi type II expanding solutions in a Lorentz Chern-Simons theory has been known to break the cosmic no-hair theorem. These solutions do not approach the late-time de Sitter Universe. We will show that there are two independent solutions classified by the parameter p for each given cosmological constant Ã. One of them is in the small-p phase; the other solution is in the large-p phase. It can be shown that an unstable mode always exists for the solution in its small-p phase that comes with smaller energy T 00 and T 00 þ T=2. The result indicates that the large-p phase is unlikely to be stable from an observation of a modified version of Wald's theorem.
I. INTRODUCTION
The cosmological problems of high-degree homogeneity, isotropy, and flatness of the observed Universe have led to the proposal of the inflationary scenarios as a powerful resolution [1] . Most of these scenarios require a large cosmological constant to induce fast growth of the cosmic scale factor. In the meantime, the cosmic no-hair conjecture proposed by Hawking and Moss asserts that, under certain physically realistic conditions, any expanding universe will evolve asymptotically toward a late-time locally de Sitter geometry. Thus, the no-hair conjecture associated with the inflationary resolution offers a realistic explanation to the homogeneity and isotropy of our current universe.
The Euler-Lagrange equations of any gravitational system with a cosmological constant Ã can always be represented as
(1.1)
The Einstein tensor G on the left-hand side of the above equation stands for the geometric effect of the gravitational interactions derived from T and Ãg on the right-hand side of Eq. (1.1). Gibbons and Hawking [2] , Hawking and Moss [3] assert that all physical models with a positive cosmological constant will inevitably approach a late-time de Sitter space. This became known as the cosmic no-hair conjecture for the Einstein theory. Partial proof was given by Robert Wald [4] , showing clearly that any model with a positive cosmological constant will drive the late-time evolution toward de Sitter space, at least locally, for all non-type-IX Bianchi spaces once the matter sources obey (a) the dominant energy condition (DEC) T t t ! 0; (1.2) and (b) the strong-energy condition (SEC)
for every timelike vector t [4] . Here T and T denote the energy momentum tensor and its trace for all fields coupled to the gravitational system. The type IX Bianchi space behaves similarly if Ã is sufficiently large [4] . Wald proves the no-hair theorem by inspecting the constraint equation and the Raychaudhuri equation
The DEC (1.2) and SEC (1.3) assume that both H T 00 and E T 00 þ 1 2 T are positive. In addition, the 3-space curvature ð3Þ R is negative for the Bianchi types I-VIII. Hence, the following inequalities can be derived:
(1.6)
Hence we can obtain: Therefore, Eq. (1.9) implies that 2 ¼ 0 at future infinity. Hence, the evolution of the Universe toward the de Sitter space will be inevitable.
The importance of the proof derived by Wald can be made more transparent if we open up a small window of energy conditions. To be more specific, we will assume that the DEC and SEC are both violated. We will also assume the following bounds on the energy variables
(1.11)
It is apparent that Ã 1 ! Ã 0 unless H þ E ! 0. The field equations can thus be shown to be
(1.13)
As a result, the inequalities (1.8) and (1.9) change from a set of single-bound inequalities to a set of two-bound inequalities (namely from Ã to Ã 1 and Ã 0 ) as
Hence, we can obtain a set of inequalities
In contrast to the case with a single-bound Ã, the upper and lower bounds turn on a stability window with a width
Once ðE þ H Þ ! 0, the stability window will be closed, namely, À ! 0. As a result, there is no room for the existence of a stable anisotropically-expanding solution. We will show that the Lorentz Chern-Simons (LCS) theory does allow the existence of two independent sets of expanding solutions with À > 0 satisfying the constraints ðE þ H Þ < 0. Hence, interesting phenomena deserves more attention for the LCS theory. Detailed analysis will be presented in Sec. IV.
Note that a series of cosmic no-hair theorems of varying strengths have also been proved in favor of the existence of certain constraints on the field parameters for its occurrence [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . It is known that counterexamples also exist when these energy conditions do not hold exactly [14] [15] [16] . Many of these solutions can be shown to be unstable [9, [17] [18] [19] . These results appear to support the Hawking's no-hair conjecture. By all means, it is important to verify whether these anisotropically expanding solutions are stable or not. It may further our understanding of the evolutionary process of our physical universe.
In fact, relative studies of higher-order theories can be found in Ref. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . Most of the papers mentioned above dealt with standard gravitational theory with ordinary matter sources. Superstring theory indicates, however, that the low-energy effective action for gravity also involves curvature terms of higher-order, like the Gauss-Bonnet and the Chern-Simons topological terms. Note that, for certain Bianchi models (type I and type V and diagonal type III and type VI) the LCS terms are shown to obey the energy conditions that secure the validity of the no-hair conjecture [16] . On the other hand, a set of anisotropically expanding Bianchi type II solutions was found in the model with an LCS coupling. These solutions are known to violate the energy conditions and are speculated to be counterexamples of the no-hair conjecture [16] .
In this paper, we will show that perturbations along the anisotropic directions indicate that half of the anisotropically expanding solutions are unstable. We can also show that the stable limit of the expanding solutions coincides with the minimal state of the cosmological constant Ã allowed by the expanding solutions. In addition, we will argue that the other half of the expanding solutions are very likely to be unstable from an observation of the energy constraints shown above as Ã 0 and Ã 1 . The arguments with a window of energy range presented in this paper will help clarify the useful role of the energy conditions shown in Ref. [4] . This paper will be organized as follows: (i) a brief review is given in Sec. I, (ii) in Sec. II, we will introduce the LCS models with the expanding solutions found in Ref. [16] , (iii) the stability constraints associated with the expanding solutions will be discussed in Sec. III, (iv) in Sec. IV, dynamical analysis associated with the Wald's proof on Hawking's conjecture is discussed in detail focusing on the stability property of the unstable modes, (v) for heuristic reasons, a set of exact and anisotropic expanding solutions in the Bianchi type I space is also discussed in Sec. V, (v) finally, conclusions and remarks will be drawn in Sec. VI.
II. EQUATIONS OF MOTION
The action of the Lorentz Chern-Simons theory is given by [16] 
Here H is the Kalb-Ramond field strength defined by
with B the Kalb-Ramond 2-form, ! L the LCS coupling, and ! the spin-connection defined by
We can show that the variations of the spin-connection and the Riemann curvature tensor equal to
Therefore, it is clear that
As a result, it can be shown that the variational field equations take the following form [16] :
The equations of motion can be recast in a different form by noting that, in four dimensions, an antisymmetric tensor
As a result, we have
from Eq. (2.9). If the manifold has vanishing in the first cohomology group, H 1 ðMÞ ¼ 0, which is true at least locally for all Bianchi models, all closed 1-forms are exact. Consequently, we can write the Kalb-Ramond field strength as a dual to an exact 1-form [16] :
Therefore, the Einstein equations become In the nonholonomic basis ( 0 ¼ dt, a , a ¼ 1; 2; 3), the metric can be written as
with TrðÞ ¼ 0. Accordingly, the Ricci tensor and scalar curvature can be written as
Overdot denotes time derivative. K and ab are the volume expansion factor and the shear, respectively. The structure of the metric (2.15) and the definition of the LCS form imply that it can be written as
with B abc and A ab the antisymmetric time-dependent functions calculated from the metric and the structure constants. From (2.16), we have
As a result, Eq. (2.14) turns out to be
with e abc the flat 3-space Levi-Civita tensor. In addition, the structure constants can be parametrized as
with M a symmetric matrix and A a a 3-vector.
Note that Bianchi models can be classified into two different classes: (i) class A with vanishing vector A a ¼ 0, and (ii) class B with nonvanishing vector A a Þ 0. 
an integration constant. For the definition of the energy momentum tensor given by Eq. (1.1), we can show that
Hence, it can be shown that, for example, the T 00 component of the energy momentum tensor takes the following form:
Once the metric is specified, the field equations can be written straightforwardly as a set of ordinary differential equations depending on these field variables.
III. THE BIANCHI TYPE II EXPANDING SOLUTIONS AND ITS STABILITY A. Bianchi type II models
Bianchi type I, type V and diagonal type III and type VI models with LCS terms have been shown to obey the energy conditions that secure the validity of the no-hair conjecture [16] . On the other hand, for the Bianchi type II metric given by
, and 3 ¼ dx 1 , the situation is quite different. Indeed, the field equations can be shown to be
Note that C is a parameter that can be set as zero following the symmetry properties of the field parameters [16] . We will hence set C ¼ 0 from now on. The Kaloper's solutions can be obtained from the ansatz exp½2 À ¼ ¼ constant. It can then be shown that the field equations imply the simple relation _ ¼ ¼ constant. This leads immediately to the result _ ¼ 2 ¼ constant. Consequently, the field equations can be written as the following constraint equations:
We can eliminate the Ã-term from the above equations to obtain a constraint equation independent of the cosmological constant Ã:
Accordingly, the expanding solutions can be solved as a function of the parameter p > 2=9:
As a result, the cosmological constant can be shown to be
Note that typos in the above equations written in Ref. [16] are corrected.
A first look at the set of Eqs. (3.5) and (3.6) shows that and can be solved as functions of Ã. The results reveal a more profound symmetry hidden in the equations. The relation 2 ¼ p 2 between and implies that there are two sets of solutions associated with each given Ã. The relation between these two sets of solutions classified by the different choice of a p parameter is very interesting. We will compare the energy dependence of these two sets of solutions in the details of Sec. IV.
B. Perturbation equation
Perturbing the field equations gives
(3.10)
where i are all constants:
As a result, we can write the perturbation equation as
Here 0 , 0 are constant parameters. Therefore, nontrivial solutions for and exist only when detD ¼ 0. The determinant equation turns out to be
, which can also be shown to be
As a result, the perturbation equation becomes
that can be solved directly to give the following solutions:
The coefficient D can be written as a function of p: Note that 3 ðpÞ as a function of p can be shown to take the following form:
Therefore, 3 is always negative for all p > 2=9. In addition, the constraint p > 2=9 has to be observed according to the definition (3.8) of the expanding solutions. Hence, the unstable mode exists only when D > 0, or equivalently
The roots to the polynomial equation FðpÞ ¼ 0 can be shown (see the appendix) to be close to À0:1797, À0:1307, À0:0839, 0.424 422. As a result, there is only one positive root p 0 ffi 0:424 422 in the region p > 2=9. It is thus clear that F < 0 only when 2=9 < p < p 0 in the region p > 2=9.
In
IV. DYNAMICAL ANALYSIS A. Scale factor and cosmological constant
By setting ¼ 0 þ t, the expanding scale factors can be shown to be a 1 ðtÞ exp½þ ¼exp½3 0 Â exp½3t=, and a 2 ðtÞexp½À¼exp½ 0 exp½t=. Hence, the expanding rate of the expanding solutions depends on the field variable . The numerical result of is shown in Fig. 1 . Note that the V-shape curve of the function attains its minimum at p ¼ p 1 ffi 0:4378.
We can also show analytically that when p is extremely close to 2=9, such that p ¼ 2=9 þ for a small positive parameter , the scale factor approaches the following limit:
On the other hand, when p ) 1, ! ð2p=15Þ 1=4 . It is apparent that the analytic results shown above agree with the numerical results, shown in Fig. 1 
Similarly, the numerical plot of Ã is shown in Fig. 2 . It can be shown that the curve of the function ÃðpÞ is also a V-shape curve that attains its minimum exactly at the stability limit p ¼ p 0 . Indeed, we can show that Ã 0 approaches the following form:
Hence, Ã attains its minimum when FðpÞ ¼ 0, which coincides exactly with the stability limit p ¼ p 0 . In particular, we can also show analytically that when p is extremely close to 2=9, such that p ¼ 2=9 þ , Ã takes the following limit:
and Ã ! ð63=5Þ Á ð2p=15Þ 1=2 when p ) 1. Hence, the analytic results in both limits of p also agree with the numerical results shown in Fig. 2 .
Note that for a given Ã, there are two independent expanding solutions classified by two different choices of
Apparently, the expanding scale ðÃÞ is bigger near the unstable region than the large p region for the same Ã. This is also indicated by the fact that the local minimum of the function ðpÞ appears at p ¼ p 1 > p 0 . This result implies that stronger inflation (when p ! 2=9) will lead to unstable expanding solutions. As a result, the system will eventually become unstable, after an inflation of a time period of the order of t ffi 1=ð3Þ. Consequently, a natural exit of the inflationary phase can be achieved automatically.
B. Energy conditions for the LCS theory
In summary, we have shown that, other than the minimum value of Ã ffi 4:1145, there are two independent expanding solutions corresponding to any given Ã. One is in the unstable zone with p ¼ p < < p 0 ; the other is in the large p ¼ p > > p 0 region such that Ãðp > Þ ¼ Ãðp < Þ.
We can also show that the H < , the T 00 component of the energy momentum tensor associated with the unstable mode at the region p < p 0 , is slightly smaller than the counterpart, H > , in the large p > p 0 region with the same given Ã. Indeed, we can show that Ãðp > Þ ¼ Ãðp < Þ along with the definition that p > > p 0 > p < . Apparently, H > > H < for any given Ã ) 1. In fact, the numerical result shown in Fig. 3 also confirms that H > is always greater than H < for any different allowed value of Ã.
In addition, we can show that E > > E < for the set of anisotropically expanding solutions with the same Ã associated with two different choices of p. Here E ¼ T 00 þ T=2. Indeed, T can be written as
Therefore, in the large-p region, E ! ÀÃ=14. On the other hand, E ! ÀÃ=7 in the small p limit. As a result, we can show that E > > E < for all allowable values of Ã. The numerical result shown in Fig. 4 also confirms that E > > E < for all p > 2=9. This is an interesting result. Note that the DEC holds when T 00 H > 0, and the SEC holds when T 00 þ T=2 E > 0. It is apparent that H < 0 and E < 0 for the expanding solutions in LCS theory. Therefore, the DEC and SEC are both violated as mentioned earlier. Consequently, the energy constraints turn on a set of inequalities, following Eq. (1.18),
Therefore, the upper and lower bounds, in contrast to the case with a single Ã, turn on a stability window with a width À ¼ ÀðE þ H Þ > 0. Apparently, Eq. (4.9) implies that 2 ¼ 0 if H þ E ! 0, or equivalently À 0. This is, however, not the case for the LCS expanding solutions discussed here.
For the case of the LCS expanding solutions, we can put the inequality in a more transparent form. Indeed, we can show that the window of the large-p solution is smaller than the window of the small-p solution. Indeed, the result is
. If the window of stability is smaller, the solution should be more unlikely to be a stable solution. This inequality may be interpreted as: the smaller that E and H are, the more unlikely the solutions will remain stable. Hence, the above result indicates clearly that the large-p solution is energetically more unfavorable for stability, as compared to the small-p solution.
In addition, the energy components H > > H < and E > > E < imply that the small-p solutions are energetically more stable than the large-p solutions. Therefore, large-p solutions should be unstable and evolving toward the more stable small-p solutions in the long run. In fact, the argument regarding the energy conditions H > > H < and E > > E < is equivalent to the argument regarding the width À > < À < . Both arguments indicate large-p solutions are unlikely to be stable solutions. Although this is not a rigorous proof of the claim that large-p solutions are also unstable, the inequality shown above will hopefully shed light on the final answer.
C. Isotropic limit
Note also that the field equations become
in the isotropic limit when ¼ 0. Perturbing the fields leads to the following equations:
with ¼ 0 exp½t and 0 a constant parameter. Therefore, we can obtain the following solution: which is always negative for any expanding solutions with _ > 0. Therefore, any isotropically expanding solutions are always stable. Note also that the expanding solutions will approach ! ffiffiffiffiffiffiffiffiffi Ã=3 p at the future infinity. Hence the isotropically expanding solutions are indeed the stable future solutions for the LCS theory.
V. BIANCHI TYPE I EXPANDING SOLUTIONS
The solutions in the other class A Bianchi models are in general very difficult to solve. For heuristic purposes, we will present a set of anisotropically expanding solutions in the Bianchi type I space. The field equations turn out to be completely integrable after a few appropriate rearrangements of the field equations. In addition, it is known that A ¼ 0 and L ¼ 0 for the Bianchi type I spaces. Therefore, the solutions to the LCS term are given simply as _ b ¼ C=V. We will try to solve for the field equations with C Þ 0 in this section. A set of expanding solutions will be discussed here with a detailed analysis on the parameters characterizing the initial conditions of the various field variables.
First of all, the Bianchi type I metric can be read off from the following equation:
This equation can be solved by defining the volume factor V ¼ a 1 a 2 a 3 ¼ exp½3. Indeed, we can write Eq. (5.2) as
which is a linear equation in V. This can be solved to give a linear combination of the exponential solutions,
We can therefore show that exp½3 becomes
with 0 ¼ ðt ¼ 0Þ and _ 0 ¼ _ ðt ¼ 0Þ as the appropriate initial values. The axion field b can be solved to give _ b ¼ C=V. Therefore, _ b can be expressed as
with the help of Eq. (5.5). In addition, the field equation
that has the following solution:
with k þ an integration constant. Moreover, we can also show that _ 2 takes the following simple form when it is combined with ÀÃ=3:
As a result, from the Friedmann equation
we can show that the following solution to _ À ,
exists only when
In summary, we have found a set of solutions of the following form:
This implies that the constraint (5.12) becomes
An equation of the form (5.13) can be integrated directly to give A nontrivial solution exists only when detD ¼ 0. Therefore, we can show that ¼ À3 _ or ¼ À6 _ for the perturbation. Consequently, these sets of solutions are stable solutions.
In the limit À ¼ 1 , k À ¼ 0. In this case, a 2 ¼ a 3 . This will imply that the constraint (5.19) becomes
Note that the field equations in the Bianchi type VII 0 and type II under the constraint a 2 ¼ a 3 are identical to the field equations in the Bianchi type I space discussed here. Therefore, they all have the same anisotropically expanding solutions shown here in this section. Moreover, for the Friedmann-Robertson-Walker metric, namely, a 1 ¼ a 2 ¼ a 3 or equivalently AE ¼ 0, the constraint (5.19) becomes
The constraint (5.19) is quite interesting because it puts all the initial conditions on the field variables 0 , _ 0 , k AE , and C binded together with the cosmological constant Ã. It implies that the initial inflation prescribed by _ 0 has to be large enough to cover all the contribution from the lefthand side of the constraint (5.19). Or we can look at it equivalently from a different viewpoint. It implies that the contributions from the cosmological constant Ã, the anisotropy k AE , and the LCS term C tend to drive the expansion wilder than the system without these contributions.
This result can be interpreted as: more energy is required to drive the anisotropy of this inflationary solution. It requires more energy to keep the LCS contribution related to the parameter C. It also requires more energy to sustain the anisotropic growth signified by the parameters k AE . This is in a sense consistent with the idea of Coleman's conjecture [37] stating that the most stable vacuum comes with the maximal symmetry of the system. It is apparent that the isotropic Friedmann-Robertson-Walker metric has a maximal symmetry group of rotation and translation as compared to the smaller symmetry subgroup of translation associated with the Bianchi type I spaces. Roughly speaking, Coleman's conjecture is another expression of Hawking's no-hair conjectures. All results shown in this paper appear to support the tendency of the evolution toward the lowest available stable vacuum of the system.
VI. CONCLUSION
We have shown that, other than the minimum value of Ã ffi 4:1145, there are two independent expanding solutions for any given value of Ã. One is in the unstable zone with p ¼ p < < p 0 ; the other is in the large-p region (p ¼ p > > p 0 ) such that Ãðp > Þ ¼ Ãðp < Þ. We also show that H ¼ T 00 and E ¼ T 00 þ T=2 associated with the unstable mode in the small-p region (p < p 0 ) are larger than the counterpart in the large-p region (p > p 0 ) for the same Ã. Indeed, the energy components H > > H < and E > > E < imply that the small-p solutions are energetically more stable than the large-p solutions. Therefore, large-p solutions should be unstable and evolving toward the more stable small-p solutions in the long run.
We have also shown that the energy constraints turn on a set of inequalities, following a revised version of the Wald's inequalities shown in Eq. (1.18). Indeed, it can be shown that
Therefore, the upper and lower bounds, in contrast to the case with a single Ã, turn on a stability window with a width À ¼ ÀðE þ H Þ > 0. Apparently, Eq. (4.9) implies that 2 ¼ 0 if H þ E ! 0, or equivalently À 0. This is, however, not the case for the LCS expanding solutions discussed here. Therefore, these energy inequalities also squeeze the window of instability of the large-p solutions as compared to the small-p solutions. Indeed, we have shown that À < > À > from Eq. (4.10) . This result appears to indicate that the large-p solutions are more unlikely to remain stable as anisotropically expanding solutions. Although this is not a rigorous proof, this result does reveal some important messages carried by the modified Wald inequality (4.10) associated with the energy conditions (1.2) and (1.3). Hopefully, further understanding of the properties associated with Hawking's conjecture may become more transparent with the help of the results shown in this paper.
The system is inevitably unstable once an unstable mode, that will carry the system off the anisotropically expanding phase, is found. It is not, however, enough to claim that an expanding solution is stable simply from the result that no unstable mode can be found in the perturbation directions being considered. It is still possible that an unstable mode could exist in different directions such as the inhomogeneous perturbations, or the perturbations of additional physical fields that have not been included here. Additional directions of perturbations may not be easy to perform in a complete and thorough manner. For example, we have also tried to perturb the metric filed along the direction g 33 . The resulting stability modes are the same as the ones found in this paper plus an additional more stable mode associated with the g 33 perturbation.
For heuristic reasons, we also present a complete analysis of a set of anisotropically expanding solutions of the same model in the Bianchi type I space. This set of exact and anisotropically expanding solutions is known to be unstable following the proof by Robert Wald. [4] We show explicitly that the anisotropy field variables AE will both go to a constant at time infinity. The result indicates that the lowest energy vacuum solution, namely, the isotropic Friedmann-Robertson-Walker space appears to be the most stable vacuum state.
All the results shown in this paper indicate that the LCS theory does carry interesting information concerning the evolution of our physical universe. Further understanding of the implications of this theory could be important to the understanding of the evolution of our early universe.
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APPENDIX: POLYNOMIAL EQUATIONS
The roots of a quartic polynomial equation
with arbitrary coefficients a, b, c, d can be shown to be
